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Abstract 
This paper presents analytical buckling and vibration solutions for two nonlocal circular arch 
models. One model is based on Eringen’s stress gradient theory while the other model is 
based on continualization of a lattice system. Both nonlocal arch models contain the unknown 
small length scale coefficient e0. In order to calibrate e0, exact buckling and vibration 
solutions for Hencky bar-chain model (HBM) are first obtained. On the basis of the 
phenomenological similarities between the HBM and the nonlocal arch models, the matching 
of buckling and vibration solutions for HBMs and those for nonlocal models allows one to 
calibrate the e0 values. It is found that e0 for Eringen’s nonlocal circular arch (ENCA) varies 
with respect to geometrical property of the arch and boundary conditions. However, e0 for a 
continualized nonlocal circular arch (CNCA) is found to be a constant value, regardless of 
geometrical properties or boundary conditions.  
 
Keywords: nonlocal arch theory; Hencky bar-chain; Eringen’s small length scale coefficient; 
buckling; vibration; finite difference. 
1. Introduction 
Micro/nano-structured materials, such as carbon nanotubes and graphene sheets have found a 
wide of applications in nano-devices. The design and fabrication of these materials for 
desirable macroscopic mechanical properties are attracting a considerable interest. Since the 
microstructures cannot be regarded as homogeneous due to the effect of lattice distance or 
grain size on their mechanical properties, a new continuum theory needs to be proposed to 
capture this small size effect [1]. Eringen’s nonlocal integral theory [2] is one of the advanced 
mechanical theories that allows for the size effect. Later, an equivalent stress gradient theory 
was introduced [3].  
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At the turn of the new millennium, Peddieson, Buchanan [4], Sudak [5], Wang [6], Wang 
and Varadan [7], Wang, Varadan [8], Lu, Lee [9] and Reddy [10] applied the Eringen’s stress 
gradient theory on beams where the stress at a given point of the beam is a function of strains 
at every point on the beam. Eringen’s nonlocal constitutive relation is given by  
 ( )
2
2
0 2
d
e a E
dx
σ
σ ε− =
  (1) 
where σ  is the normal stress, ε  the normal strain, E the Young’s modulus, e0 small scale 
length coefficient, a the characteristic length (e.g., lattice length or bond length between 
atoms) and x the longitudinal coordinate of the beam/rod. 
It is clear from Eq. (1) that the small length scale parameter (e0a) will have a great 
influence on the beam solutions [11-13] and therefore it needs to be calibrated. The 
calibration of the small length parameter (e0a) may be carried out by fitting the results of 
nonlocal models to those obtained from atomistic modelling or from experimental tests [14-
16]. A recent idea is to calibrate the small length parameter by using a discrete structural 
model or lattice model such as the Hencky bar-chain model (HBM). It was pointed out in 
recent papers [17-22] that the HBM comprising rigid beam segments connected by rotational 
springs has phenomenological similarities to the Eringen’s nonlocal beam model. The 
similarities are that (1) the mechanical behaviour of a given point is always relevant to its 
neighbouring points and (2) the buckling load and vibration frequencies increase with respect 
to increasing segmental number (of HBM) or the ratio of external length to the internal 
characteristic length (of Eringen’s nonlocal beam model) and the results finally converge to 
the local Euler beam counterparts from below. Owing to this analogy, one may choose to 
calibrate Eringen’s small length scale coefficient e0 based on the HBM. In addition to beam 
problems, this method has also been applied to calibrate e0 for nonlocal plates [23-25]. 
The buckling and vibration problems of nonlocal arches based on Eringen’s stress 
gradient theory have been analysed by Wang, Xiang [26], Wang and Duan [27] and Moosavi, 
Mohammadi [28]. In this paper, analytical solutions for HBMs for circular arches are 
matched with the analytical buckling and vibration solutions for Eringen’s nonlocal circular 
arch (ENCA) with pinned and clamped ends to calibrate the e0 value. 
Alternatively, we propose that the e0 value be calibrated by using the lattice-based 
continualized nonlocal model. This model is established by continualizing the discrete (or 
difference) equations via introducing a pseudo-differential operator and its Padé’s 
approximation. This continualization procedure has been applied to beams [18] and plates 
[25], but it has never been used for arches. In this paper, such a lattice-based continualized 
nonlocal circular arch (CNCA) is developed and the small length scale coefficient e0 for 
CNCA is calibrated with the aid of the HBM.  
2. Problem definition 
Consider a nonlocal circular arch of radius R, mass per unit arc length m, having a central 
angle 2α, flexural rigidity EI, small scale length coefficient e0, characteristic length a (e.g., 
lattice length or bond length between atoms) and subjected to a uniform pressure q. Let the 
center of the arch be the origin of coordinate and the angle for a given point from the origin is 
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θ as shown in Figure 1. We take the positive radial displacement v to be directed towards O 
and the positive tangential displacement u in the direction of increasing θ. 
The problem at hand is to analyse the buckling and vibration behaviors of the above 
nonlocal circular arch and to calibrate the small length scale coefficient e0. Two nonlocal arch 
models are to be developed: one model is based on Eringen’s stress gradient theory and the 
other model is based on continualization of the lattice system. To calibrate the values of e0 for 
the two nonlocal arch models, a discrete arch model (or HBM) needs to be established. The 
calibration of e0 is assumed to be valid on the basis of the phenomenological analogies 
between the HBM and the two nonlocal models.  
The following assumptions are made for the analyses of nonlocal circular arches:  
• arch is thin, uniform and elastic 
• cross-sectional planes remain plane after deformation 
• center line of the arch is inextensional  
• effects of transverse shear deformation and rotary inertia are neglected  
3. Buckling analyses of arches  
3.1 Exact buckling loads of Hencky bar-chain models (HBMs) 
We first start by establishing the discrete arch model or Hencky bar-chain model (HBM). 
Consider a HBM of 2n curved rigid segments of equal arc length a where a = Rφ = Rα/n, 
connected by frictionless hinges with rotational springs of stiffness C = EI/a and lumped 
masses ma as shown in Figure 2. In order to keep the HBM analogous to the nonlocal arches, 
the segmental length of the former model should be equal to the characteristic lengths of the 
latter models. 
3.1.1 HBMs with pinned ends 
The continuum local circular arch corresponding to the HBM with pinned ends has a 
governing equation based on Boussinesq’s equation [29] as follows, 
 ( )
2
2 1 0
d v
v
d
β
θ
+ + =
  (2) 
where β = qR3/EI. 
By applying the finite difference approximation to Eq. (2) or considering equilibrium 
conditions for selected segments of HBM, the governing equation for the buckling problem 
of FDM or HBM (the detailed derivations are presented in Appendix A) with pinned ends is 
given by  
  ( )
2
1 121 2 0j j jv v v
n
αβ+ − + + − + = 
 
  (3) 
 The general solution to Eq. (3) is given by 
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 1 2cos sinjv A j A jϑ ϑ= +   (4) 
where ϑ = arccos(1−(1+ β)α2/(2n2)). 
 The boundary conditions can be written as 
 0 0v =  and 0nv =   (5) 
 By substituting Eq. (4) into Eq. (5), the buckling pressure of the FDM or HBM with 
pinned ends can be obtained as 
 
2
2
21 cos 1
cr
n
n
piβ
α
 
= − − 
 
  (6) 
3.1.2 HBMs with clamped ends 
For a discrete circular arch modelled by HBM or FDM with clamped ends, the moment due 
to the axial force qR and the radial shear force Q (at the middle of arch resulting from the 
clamped end reaction) for a given joint can be expressed as [30] 
   sinj j jM qRv QR θ= −   (7) 
 By replacing the Mj in Eq. (A.9) with the Mj in Eq. (7), the governing equation for HBM 
or FDM with clamped ends can be written as  
 ( )
2
1 1 021 2 sinj j j jv v v Cn
αβ θ+ − + + − + = 
 
  (8) 
where C0 = QR3/EI. 
 The general solution to Eq. (8) may be expressed as 
 ( )
0
1 2cos sin sin2 cos cosj
C
v A j A j jϑ ϑ ϕ
ϕ ϑ
= + +
−
  (9) 
 The discrete form boundary conditions for clamped ends are given by 
 0 0v = , 0nv = and 1 1 0n nv v+ −− =   (10) 
 By substituting Eq. (9) into Eq. (10), the following characteristic equation is derived: 
 ( ) ( )sin cos sin cos sin sinn nϑ α ϕ ϑ α ϑ=   (11) 
By solving Eq. (11) for the lowest root, the critical pressure of FDM or HBM with 
clamped ends for a given nodal number or segmental number n can be obtained. 
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3.2 Exact buckling loads of Eringen’s nonlocal circular arches (ENCAs) 
According to Eringen’s stress gradient theory that allows for the stress at a point to be 
dependent on strains at all points in the body, the constitutive equation (1) for arches may be 
written as 
   
2 2
0
2
e a d E
R d
σ
σ ε
θ
 
− = 
 
  (12) 
where σ is the normal stress, ε the normal strain, e0 the small length scale coefficient, a the 
characteristic length, R the radius of the circular arch and E the Young’s modulus. 
 Based on Eq. (12), the moment curvature relationship can be derived as [31] 
   
2 2
0
2
e a d MM EI
R d
χ
θ
 
− = 
 
 with 
2
2 2
1 d v
v
R d
χ
θ
 
= − + 
 
  (13) 
where χ is the change in curvature. 
3.2.1 ENCAs with pinned ends 
For a circular arch with pinned ends, the axial force is qR and the moment for a given point is 
[30] 
   M qRv=   (14) 
 The governing equation for the ENCA with pinned ends is derived with the substitution 
of Eq. (14) into Eq. (13) as 
   
2
2 2
1 0
1
d v
v
d
β
θ βγ
+
+ =
−
  (15) 
where γ = e0a/R = e0φ. 
 The general solution to Eq. (15) is given by 
   ( ) ( )1 2cos sinv A k A kθ θ= +   (16) 
where A1, A2 are constants and 2
1
1
k ββγ
+
=
−
. 
 According to Timoshenko and Gere [30], the lowest critical pressure occurs at 
antisymmetric mode which implies that the buckled arch has an inflection point at the middle. 
Therefore, the boundary conditions are applied as follows 
    ( )0 0v =  and ( ) 0v α =   (17) 
 By substituting Eq. (16) into Eq. (17), the critical pressure of the ENCA with pinned ends 
is given by 
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2 2
2 2 2cr
pi αβ
α pi γ
−
=
+
  (18) 
For the special case of α = pi/2, the critical pressure is given by 
 2
3
1 4cr
β γ= +   (19) 
This buckling pressure of the half circular ring with pinned ends is the same as the 
buckling pressure of Eringen’s complete circular ring reported by Wang, Xiang [26] who 
solved the problem from a higher order differential equation. The same phenomenon also 
exists for local circular rings. 
When the nonlocal effect vanishes (γ = 0), the critical pressure is 
 
2
2 1cr
piβ
α
= −
 for a local circular arch with pinned ends  (20a) 
 3crβ =  for a local circular ring  (20b) 
When α = pi/2, the buckling pressure of the half circular ring with pinned ends given by Eq. 
(20a) is the same as that of a complete circular ring given by Eq. (20b). The solutions in Eqs. 
(20a) and (20b) coincide with the findings by Karnovsky [29] and Timoshenko and Gere [30]. 
Particularly, when the opening angle α → 0, the unit 1 can be neglected when compared to 
pi2/α2 in Eq. (20a) and thus the critical axial force qcrR for the local circular arch converges to 
the buckling load of a prismatic column of length αR with pinned ends. 
3.2.2 ENCAs with clamped ends 
For a circular arch with clamped ends, the moment due to the axial force qR and the radial 
shear force Q (at the middle of arch resulting from the clamped end reaction) for a given 
point is [30] 
   sinM qRv QR θ= −   (21) 
 The governing equation of the ENCA with clamped ends is obtained by substituting Eq. 
(21) into Eq. (13) and the equation is given by 
   
2 2
02 2 2
1 1
sin
1 1
d v
v C
d
β γ θ
θ βγ βγ
+ +
+ =
− −
  (22) 
 The general solution to Eq. (22) may be written as 
   ( ) ( ) ( )( )( )
2
0
1 2 2 2
1
cos sin sin
1 1
C
v A k A k
k
γ
θ θ θβγ
+
= + +
− −
  (23) 
 The boundary conditions for the ENCA with clamped ends are given by 
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    ( )0 0v = , ( ) 0v α =  and 0dv
d θ αθ =
 
=  
  (24) 
 By substituting Eq. (23) into Eq. (24), the critical pressure of the ENCA with clamped 
ends can be obtained from solving the following characteristic equation: 
 ( ) ( )sin cos cos sink k kα α α α=   (25) 
For the special case of α = pi, the critical pressure of ENCAs with clamped ends 
corresponds to the critical pressure of complete circular rings presented in Eq. (19). 
3.3 Exact buckling loads of lattice-based continualized nonlocal circular arches 
(CNCAs) 
Consider a lattice-based CNCA model that is different from the ENCA model. The 
continualization approach which is to be applied on the arch problem was earlier developed 
by Rosenau [32] for one dimensional lattices and Rosenau [33] used this approach in 
membrane problem to translate microstructural discrete properties into a macroscopic 
continuum model. Challamel, Zhang [17] and Challamel, Hache [25] applied this approach to 
continualize the microstructured beams and plates into continuum models. 
 Following the hypothesis of a dense lattice, a continuum approximation of the 
displacement field vj = v(θ) is made, whereas the displacements of the neighbouring particles 
vj±1 are approximated by v(θ±φ). By introducing a pseudo-differential operator [34], the 
displacements may be expressed as 
    ( )jv v θ=   (26a) 
    1 ( ) ( )Djv v e vϕθ ϕ θ+ = + =   (26b) 
    1 ( ) ( )Djv v e vϕθ ϕ θ−− = − =   (26c) 
where ( )dD
dθ
= i . 
 By combining Eqs. (26a), (26b) and (26c), using Taylor’s series expansion and applying 
Padé’s approximation, the following continualization can be made: 
    ( ) 21 1 2 2 22 2 2 2
2 2
2 ( ) 12 1 112 1
12
j j j D Dv v v v v D ve e D D
a a R RD
ϕ ϕ θ ϕ
ϕ
+ −
−
− +  
= − + ≈ + + ≈ ⋅ 
 
−

 (27) 
By choosing e2 0 =1/12, the moment-curvature relationship (continualized from Eq. (A.9)) 
for the lattice-based CNCA may be written as 
    
2 2
0
2
e a d MM EI
R d
χ
θ
 
− = 
 
 where 
22 2
0
2 2 2
1 e ad v d v
v
R d R d
χ
θ θ
  
= − + −  
   
  (28) 
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The lattice-based CNCA model is very similar to the ENCA model (see Eq. (13)), except 
that the change in curvature χ is now enriched by a higher-order gradient term.  
3.3.1 CNCAs with pinned ends 
By considering Eq. (28) and Eq. (14), the governing equation for the CNCA with pinned ends 
is given by 
   ( )
2
2 2
1 0
1 1
d v
v
d
β
θ β γ
+
+ =
− +
  (29) 
 The general solution to Eq. (29) is given by 
   ( ) ( )1 2cos sinv A k A kθ θ= +   (30) 
where A1, A2 are constants and ( ) 2
1
1 1
k ββ γ
+
=
− +
. 
By applying the boundary conditions (17), the critical pressure of the CNCA with pinned 
ends is given by 
 
( )2 2 2
2 2 2
1
cr
pi γ αβ
α pi γ
− −
=
+
  (31) 
For an arch with an opening angle 2α = pi restrained by pinned ends, the critical pressure 
is given by 
 
2
2
3 4
1 4cr
γβ
γ
−
=
+
  (32) 
3.3.2 CNCAs with clamped ends 
By considering Eq. (28) and Eq. (21), the governing equation for the CNCA with clamped 
ends is given by 
   ( ) ( )
2 2
02 2 2
1 1
sin
1 1 1 1
d v
v C
d
β γ θ
θ β γ β γ
+ +
+ =
− + − +
  (33) 
 The general solution to Eq. (22) may be written as 
   ( ) ( ) ( )( ) ( )
2
0
1 2 2 2
1
cos sin sin
1 1 1
C
v A k A k
k
γ
θ θ θβ γ
+
= + +
 
− − + 
  (34) 
 The boundary conditions for the CNCA with clamped ends should take a different form 
from those for the ENCA and they are continualized from the discrete boundary conditions 
(10). The continualized boundary conditions are given by 
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    ( )0 0v = , ( ) 0v α =  and ( ) ( )v vα ϕ α ϕ+ = −   (35) 
 By substituting Eq. (34) into Eq. (35), the critical pressure of the CNCA with clamped 
ends can be obtained from solving the following characteristic equation: 
 ( ) ( ) ( )sin cos sin cos sin sink k kα α ϕ α α ϕ=   (36) 
3.4 Calibration of e0 for buckling arches 
By matching the critical pressures of HBMs and those of nonlocal circular arches, the values 
of small length scale coefficient e0 for ENCA and CNCA may be calibrated. 
3.4.1 e0 for buckling of ENCAs 
By matching the critical pressure βcr of HBM in Eq. (6) and that of ENCA in Eq. (18), the e0 
value for a pinned-ended arch may be calibrated for a given α and n (that indicates the 
characteristic length). Similarly, the matching of critical pressures of HBMs and ENCAs (Eq. 
(11) versus Eq. (25)) allows one to obtain the results of e0 for clamped-ended arches.  
The calibrated e0 values for different α and n of ENCAs with pinned ends and clamped 
ends are presented in Table 1 and Table 2, respectively. It can be seen that the value of e0 
decreases as n increases and finally converges to a constant when n is sufficiently large, for 
ENCAs of a given central angle with both pinned and clamped ends.  
For the case of ENCA with pinned ends, the comparison of Eq. (18) and Eq. (6) together 
with trigonometric series expansion and Padé’s approximation leads to an exact formula for 
e0, which is expressed as 
 ( )
2
0 2 212
e
pi
pi α
=
−
 for large n  (37) 
3.4.2 e0 for buckling of CNCAs 
For CNCA with pinned ends, Eq. (31) can be transformed to 
 
2
2 2 2 1cr
piβ
α pi γ
= −
+
  (38) 
while the critical pressure of HBM given by Eq. (6) may be approximated by trigonometric 
series expansion and Padé’s approximation and it is given by 
 
2
2
2
2
1
1
12
cr
n
piβ
pi
α
= −
 
+ 
 
  (39) 
By comparing Eq. (38) and Eq. (39), we have a constant 0 1/ 12e =  for large n. 
For CNCA with clamped ends, the comparison of Eq. (36) and Eq. (11) furnishes 
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 k nα ϑ=   (40) 
By using trigonometric series expansion and Padé’s approximation on Eq. (4), we obtain 
 
( ) ( )2 2 222 21 cos 1 cos 1 22 1
12
kk
nk
ϕ αϑ ϕ β
ϕ
− = − ≈ = +
 
+ 
 
  (41) 
From Eq. (30), it is known that 
 
2
2 21 1
k
k
β
γ
+ =
+
  (42) 
By replacing 1+β in Eq. (41) with that given by Eq. (42), the value of e0 may be 
calibrated. It is found that 0 1/ 12e =  which is the same value as that in the pinned ended 
case.  
Therefore, we can conclude that the advantage of the lattice-based CNCA model is that e0 
remains a constant value, i.e. e0 is independent on the structural geometric properties or 
boundary conditions for the arch buckling problem. 
3.4.3 Comparing buckling solutions between ENCAs and CNCAs 
The variations of critical pressures of HBMs, ENCAs and CNCAs with respect to 
characteristic length indicated by n for different central angles are plotted in Figure 3 for 
pinned ended arches and in Figure 4 for clamped ended arches. First, it can be seen that the 
critical pressures of the three models increase as n increases. Second, the critical pressures of 
the three models are becoming larger as the central angle becomes smaller. Particularly, 
arches with clamped ends are stiffer than those with pinned ends for a given central angle. In 
addition, it can be observed that the curves for HBMs, ENCAs and CNCAs agree with each 
other very well.  
The variations of small length scale coefficient e0 with respect to arch angle ratio α/pi for 
buckling ENCAs and CNCAs with pinned ends are shown in Figure 5 and with clamped ends 
are shown in Figure 6. It can be seen that e0 monotonously increases as the arch angle α 
increases for pinned-ended conditions while e0 decreases and then increases with respect to 
the angle α for clamped-ended arches.  
4. Free vibration analyses of arches 
4.1 Exact vibration frequencies of Hencky bar-chains 
The governing equation for the free vibration problem of local circular arches based on 
Lamb’s equation is given by [29] 
  
6 4 2 2
2
6 4 2 22 0
d u d u d u d u
u
d d d dθ θ θ θ
 
+ + − Ω − = 
 
,  (43) 
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where 4 /mR EIωΩ =  is the dimensionless frequency parameter and ω the angular 
frequency. 
 The boundary conditions for the circular arches are given by [35] 
 0u = , 0du
dθ
=  and 
3
3 0
d u
dθ
=  for pinned ends  (44a) 
 0u = , 0du
dθ
=  and 
2
2 0
d u
dθ
=  for clamped ends (44b) 
 By applying the first order central finite difference method on Eq. (43) or considering 
motion equation of selected segments of HBM, the governing equation for the free vibration 
problem of FDM or HBM (the detailed derivations are presented in Appendix B) is given by  
 
( )( ) ( )( ) ( )
( )
2 2 2 2 4
3 3 2 2 1 1
2 4 2 6 4 2
2 3 3 5
2 2 12 20 0
j j j j j j
j
u u u u u u
u
ϕ ϕ ϕ ϕ
ϕ ϕ ϕ ϕ
+ − + − + −
 + + − + + − − − Ω + 
+ Ω + Ω − + − =
  (45) 
and the boundary conditions (44a) and (44b) approximated by the finite difference method 
become 
 0ju = , 1 1 0j ju u+ −− =  and 2 2 0j ju u+ −− =  for pinned ends  (46a) 
 0ju = , 1 0ju + =  and 1 0ju − =  for clamped ends (46b) 
 According to the method proposed by Goldberg [36], which is to solve linear difference 
equations, the general form of the tangential displacement in Eq. (45) may be assumed to be 
 
j
ju Bf=   (47) 
The substitution of Eq. (47) into Eq. (45) allows one to obtain the following equation: 
 
( ) ( ) ( )( )3 22 4 2 6 22 2 2 1 2 0ϕ ϕ ϕΓ − + Γ − + −Ω Γ − + Ω =
  (48) 
where 
1f fΓ = + . The roots of Eq. (48) are given by 
 
( )4 232
0 3
2 1 322
3 3 3 2
B
B
ϕ
ϕ
+ Ω
Γ = − + +
  (49a) 
 
( ) ( ) ( )4 232
1 3
2 3 1 1 3 3 122
3 6 6 2
i i B
B
ϕ
ϕ
+ + Ω −
Γ = − − +
  (49b) 
  
12 
 
 
( ) ( ) ( )4 232
2 3
2 3 1 1 3 3 122
3 6 6 2
i i B
B
ϕ
ϕ
− + Ω +
Γ = − + −
  (49c) 
where  
 
1
32 2 2 42 45 3 213 12 24B ϕ  = − Ω + Ω Ω − Ω −
 
  (50) 
 In addition, the solutions for f are given by 
 
2
1,2 12 2
f Γ Γ = ± − 
 
  (51) 
If we assume 2cosϑΓ = , the solutions for f become 
 1,2 cos sinf iϑ ϑ= ±   (52) 
Finally, the general form of the displacement may be expressed as 
 0 0 1 1 2 2 0 0 1 1 2 2cos cos cos sin sin sinju A j A j A j B j B j B jϑ ϑ ϑ ϑ ϑ ϑ= + + + + +   (53) 
where 0 0arccos( / 2)ϑ = Γ , 1 1arccos( / 2)ϑ = Γ , 2 2arccos( / 2)ϑ = Γ .  
 According to the analysis by Karnovsky [29], the lowest frequency of each mode always 
corresponds to an antisymmetric mode, which requires 
 0 0 1 1 2 2cos cos cosju A j A j A jϑ ϑ ϑ= + +   (54) 
For HBM with pinned ends, the substitution of Eq. (54) into Eq. (46a) for j = n generates 
the following characteristic equation 
 ( ) ( )( ) ( )
( )
( ) ( )
0 0 2 0 0 1
0 1 2
1 1 2 2 1 2
sin cos cos sin cos cos
cot cot cot
sin cos cos sin cos cos
n n n
ϑ ϑ ϑ ϑ ϑ ϑϑ ϑ ϑ
ϑ ϑ ϑ ϑ ϑ ϑ
− −
= −
− −
  (55) 
For HBM with clamped ends, the substitution of Eq. (54) into Eq. (46b) for j = n 
generates the following characteristic equation  
 ( ) ( )( ) ( )
( )
( ) ( )
1 0 2 2 0 1
0 1 2
0 1 2 0 1 2
sin cos cos sin cos cos
tan tan tan
sin cos cos sin cos cos
n n n
ϑ ϑ ϑ ϑ ϑ ϑϑ ϑ ϑ
ϑ ϑ ϑ ϑ ϑ ϑ
− −
= −
− −
  (56) 
The exact vibration frequencies of FDM or HBM can be obtained by solving Eq. (55) and 
Eq. (56) for pinned ends and clamped ends, respectively. 
4.2 Exact vibration frequencies of Eringen’s nonlocal circular arches (ENCAs) 
The governing equation for the free vibration problem (q = 0) of ENCA is given by [27]  
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 ( ) ( )6 4 22 2 2 2 2 26 4 22 1 0d u d u d u ud d dγ γθ θ θ+ + Ω + − Ω − Ω + Ω =   (57) 
The moment and shear force for the ENCA have the following expressions: 
 ( ) ( ) ( )
5 3
2 2 2 4 2 2 4
5 32 2 1 2 11
i tEIe d u d u duM
d d dR
ω
γ γ γ γ γ
θ θ θγ
−  
= − + + + Ω + + − Ω 
+  
  (58a) 
 ( )
2 4 2
2 2
2 4 23 21
i tEIe d u d u d uQ u
d d dR
ω
γ
θ θ θγ
−   
= − Ω − + +  
+   
  (58b) 
The general form of the tangential displacement of Eq. (57) may be expressed as 
 0 0 1 1 2 2 0 0 1 1 2 2cos cos cos sin sin sinu A k A k A k B k B k B kθ θ θ θ θ θ= + + + + +   (59) 
where A0, A1, A2, B0, B1, B2 are constants and k0, k1, k2 are the roots of Eq. (60). 
The substitution of Eq.  (59) into Eq. (57) leads to the following equation: 
 ( ) ( )( )22 2 2 2 2 21 1 1k k k kγ− = + + Ω   (60) 
Since Ω2 ≥ 0, there has to exist at least one pair of real roots ±k0. Therefore, the 
frequency can be expressed as 
 
( )
( ) ( )
22 2
0 0
2 2 2
0 0
1
1 1
k k
k kγ
−
Ω =
+ +
  (61) 
By replacing Ω in Eq. (60) with the expression in Eq. (61), the other four basic roots ±k1, 
±k2 can be written as 
( )( ) ( )
( )( )
( )
( ) ( )
( )
( ) ( )
22 2 2 2 2 4 2 2 4 2 2 4 2
0 0 0 0 0 0 0 0 0 00
1,2 2 2 22 2 2 2 2 2 2 2 2
0 0 0 0 0 0
2 1 3 7 8 2 4 3
22 1 1 1 1 1 1
k k k k k k k k k kkk
k k k k k k
γ γ γ
γ γ γ
− + + − − + − + − −
= − ± +
+ + + + + +
   (62) 
For the antisymmetric mode vibration which gives the lowest vibration frequencies, the 
general form of the displacement is simplified to 
 0 0 1 1 2 2cos cos cosu A k A k A kθ θ θ= + +   (63) 
The boundary conditions for ENCAs with pinned ends should be derived from the zero 
displacements u, v and moment M, which can be written as 
 0u = , 0du
dθ
=  and ( )5 32 2 2 45 31 2 0d u d ud dγ γ γθ θ+ + + Ω =   (64) 
  
14 
 
By substituting Eq. (63) into the boundary conditions (64) for θ = α, the exact vibration 
frequencies of ENCAs with pinned ends can be solved from the following equation: 
 
( ) ( ) ( )( ) ( ) ( )
( ) ( )
( ) ( ) ( )
2 2 2 4 2 2 2
0 0 2 0 2
0 12 2 2 4 2 2 2
1 1 2 1 2
2 2 2 4 2 2 2
0 0 1 0 1
22 2 2 4 2 2 2
2 1 2 1 2
1 2
cot cot
1 2
1 2
cot
1 2
k k k k k
k k
k k k k k
k k k k k
k
k k k k k
γ γ
α α
γ γ
γ γ
α
γ γ
 
− + Ω − + − 
=
 
− + Ω − + − 
 
− + Ω − + − 
−
 
− + Ω − + − 
  (65) 
By substituting Eq. (63) into the boundary conditions (44b) for θ = α, the exact vibration 
frequencies of ENCAs with clamped ends can be solved from the following equation: 
 ( ) ( )( ) ( )
( )
( ) ( )
2 2 2 2
1 0 2 2 0 1
0 1 22 2 2 2
0 1 2 0 1 2
tan tan tan
k k k k k k
k k k
k k k k k k
α α α
− −
= −
− −
  (66) 
4.3 Exact vibration frequencies of lattice-based continualized nonlocal circular arches 
(CNCAs) 
By assuming a dense lattice, the discrete tangential displacement can be approximated by uj = 
u(θ), uj±1 = u(θ±φ), uj±2 = u(θ±2φ) and uj±3 = u(θ±3φ). By introducing a pseudo-differential 
operator [34], the displacements can be further expressed as below: 
    
( )ju u θ=   (67a) 
    1 ( ) ( )Dju u e uϕθ ϕ θ±± = ± =   (67b) 
    
2
2 ( 2 ) ( )Dju u e uϕθ ϕ θ±± = ± =   (67c) 
    
3
3 ( 3 ) ( )Dju u e uϕθ ϕ θ±± = ± =   (67d) 
where ( )dD
dθ
= i . 
 Similar to Eq. (27), the following continualization can be made by using Taylor’s series 
expansion and applying Padé’s approximation: 
    
6
3 2 1 1 2 3
36
2 2
6 15 20 15 6
11
12
j j j j j j ju u u u u u u D
u
D
ϕ
ϕ
+ + + − − −− + − + − +
≈ ⋅
 
− 
 
  (68a) 
    
4
2 1 1 2
24
2 2
4 6 4
11
12
j j j j ju u u u u D
u
D
ϕ
ϕ
+ + − −− + − +
≈ ⋅
 
− 
 
  (68b) 
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2
1 1
2 2
2 2
2
11
12
j j ju u u D u
RDϕ ϕ
+ −− +
≈ ⋅
−
  (68c) 
By choosing e2 0 =1/6, the governing equation (continualized from Eq. (45)) for the lattice-
based CNCA may be written as 
    
( ) ( )6 4 2 4 22 2 2 2 26 4 2 4 231 2 1 02
d u d u d u d u d u
u
d d d d d
γ γ γ γ
θ θ θ θ θ
  
− + − + +Ω − + + =    
  (69) 
 Since the lowest frequency of each mode always corresponds to an antisymmetric mode 
[29], the general solution of the tangential displacement may be expressed by 
 0 0 1 1 2 2cos cos cosu A k A k A kθ θ θ= + +   (70) 
where A0, A1, A2 are constants and 0 1 2, ,k k k are the roots of 
 ( ) ( )2 6 2 4 2 2 2 4 2 231 2 1 1 0
2
k k k k kγ γ γ γ  − − + − − + Ω + + + =    
  (71) 
which is derived from the substitution of Eq. (70) into Eq. (69). 
Based on the discrete form of boundary conditions given by Eq. (46), the boundary 
conditions for CNCA may be written as 
 
( ) 0u θ = , ( ) ( ) 0u uθ ϕ θ ϕ+ − − =  and ( ) ( )2 2 0u uθ ϕ θ ϕ+ − − =  for pinned ends  (72a) 
 
( ) 0u θ = , ( ) 0u θ ϕ+ =  and ( ) 0u θ ϕ− =  for clamped ends (72b) 
By substituting Eq. (70) into the boundary conditions (72a) for θ = α, the exact vibration 
frequencies of CNCAs with pinned ends can be solved from the following equation: 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )
0 0 2 0 0 1
0 1 2
1 1 2 2 1 2
sin cos cos sin cos cos
cot cot cot
sin cos cos sin cos cos
k k k k k k
k k k
k k k k k k
ϕ ϕ ϕ ϕ ϕ ϕ
α α α
ϕ ϕ ϕ ϕ ϕ ϕ
   
− −   
= −
   
− −   
   (73) 
By substituting Eq. (70) into the boundary conditions (72b) for θ = α, the exact vibration 
frequencies of CNCAs with clamped ends can be solved from the following equation: 
( ) ( ) ( ) ( )( ) ( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) ( )
1 0 2 2 0 1
0 1 2
0 1 2 0 1 2
sin cos cos sin cos cos
tan tan tan
sin cos cos sin cos cos
k k k k k k
k k k
k k k k k k
ϕ ϕ ϕ ϕ ϕ ϕ
α α α
ϕ ϕ ϕ ϕ ϕ ϕ
   
− −   
= −
   
− −   
   (74) 
4.4 Calibration of e0 for free vibrating arches 
By matching the fundamental vibration frequencies of HBMs and those of nonlocal circular 
arches, the values of small length scale coefficient e0 for ENCA and CNCA may be calibrated. 
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4.4.1 e0 for free vibrating ENCAs 
The calibrated e0 values for different α and n (that indicates the characteristic length) of 
ENCAs with pinned ends and clamped ends are presented in Table 3 and Table 4, 
respectively. Similar to the buckling problem, the value of e0 depends on n when n is small 
while the e0 converges to a constant when n is sufficiently large, regardless of α and boundary 
conditions.  
4.4.2 e0 for free vibrating CNCAs 
For CNCA with both pinned and clamped ends, the comparisons between the characteristic 
equations (i.e., Eq. (55) versus Eq. (73) for pinned ends and Eq. (56) versus Eq. (74) for 
clamped ends) always lead to k nα ϑ= . Then, we have  
 
( )2cos 2cos kϑ ϕΓ = =
  (75) 
By applying trigonometric series expansion and Padé’s approximation, the following 
approximation may be made: 
 
( ) 2 22 22 2cos 2
1
12
kk
k
ϕϕ
ϕ
Γ − = − ≈ −
+
  (76) 
From Eq. (48), the dimensionless frequency parameter of HBM can be written as 
 
( ) ( ) ( )
( )
3 22 4
4 6
2 2 2 2
2
ϕ ϕ
ϕ ϕ
Γ − + Γ − + Γ −Ω =
Γ − −
  (77) 
The term Γ−2 in Eq. (77) may be replaced with the formula in Eq. (76) and thus 
 
2 2
6 4 2
2 2
4 2
1 2
6 6
31 1
6 2 6
k k k
k k
ϕ ϕ
ϕ ϕ
   
− − − +   
   Ω =
 
+ + ⋅ + 
 
  (78) 
From Eq. (71), the dimensionless frequency parameter of CNCA may be expressed as 
 
( ) ( )2 6 2 4 2
2 4 2 2
1 2
31 1
2
k k k
k k
γ γ
γ γ
− − − +Ω =
 
+ + + 
 
  (79) 
By comparing Eq. (78) and Eq. (79), we obtain a constant 0 1/ 6e =  provided that n is 
large. This e0 value is independent on central angle, boundary conditions or vibration modes. 
Therefore, it can be concluded that e0 of the lattice-based CNCA model is always a constant, 
i.e. 0 1/ 12e =  for buckling problem and 0 1/ 6e =  for vibration problem. 
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4.4.3 Comparing vibration solutions between ENCAs and CNCAs 
The variations of the fundamental frequencies of HBMs, ENCAs and CNCAs with respect to 
characteristic length indicated by n for different central angles are plotted in Figure 7 for 
pinned ends and in Figure 8 for clamped ends. Similar to the buckling problem, the 
fundamental frequencies of the three models increase as n increases and they are becoming 
larger as the central angle becomes smaller. In addition, the frequencies of arches with 
clamped ends are larger than those of arches with pinned ends for a given central angle. 
However, it can be observed that for arches with clamped ends, the agreements between the 
curves of HBMs, ENCAs and CNCAs are not very well when n is small.  
The variations of small length scale coefficient e0 with respect to arch angel ratio α/pi for 
free vibrating ENCAs and CNCAs with pinned ends are shown in Figure 9 and with clamped 
ends are shown in Figure 10.  
5. Conclusion  
In this study, two nonlocal circular arch models are considered. One model is based on 
Eringen’s stress gradient theory while the other model is based on continualization of a lattice 
system. The critical pressures and vibration frequencies can be obtained analytically from the 
characteristic equations derived for these models.  
     The values of small length scale coefficient e0 for the two nonlocal arch models have been 
calibrated with the aid of the Hencky bar-chain model (HBM) developed for the arch 
problem. It is found that e0 of Eringen’s nonlocal circular arch (ENCA) is dependent on the 
geometrical property of the arch and boundary conditions. For ENCA with pinned ends, the 
e0 values increase as the central angle increases for both buckling and vibration problems. For 
ENCA with clamped ends, the curve of e0 with respect to central angle shows a decrease 
initially and then an increase after a particular central angle. However, e0 of lattice-based 
continualized nonlocal circular arch (CNCA) is found to be a constant, i.e. e0 = 1/ 12  for 
buckling problem and e0 = 1/ 6  for vibration problem, regardless of central angles or 
boundary conditions. Therefore, we may conclude that the CNCA has an advantage over the 
ENCA in that it furnishes a constant e0 value. 
The results presented herein may provide useful benchmark solutions for buckling and 
vibration analyses of complex composite arch structures. Future studies may focus on 
nonlocal arches with the allowance for the effects of transverse shear deformation and rotary 
inertia. 
Appendix A. Derivation of governing equation for buckling of HBM 
Consider a local circular arch. The rotation ψ of an arch element from its undeformed state to 
its deformed state is given by [37] 
   
1 dv
u
R d
ψ
θ
 
= − + 
 
   (A.1) 
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For small strains and moderately small rotations, the change of curvature may be 
approximated by [29, 37] 
   
2
2 2
1d d v du
Rd R d d
ψχ
θ θ θ
 
= = − + 
 
  (A.2) 
where χ is the change in curvature. 
 Since the center line of the arch is inextensional herein, the tangential displacement and 
radial displacement should satisfy 
   
du
v
dθ
=   (A.3) 
Therefore, the moment curvature relationship is given by 
   M EI χ=  with 
2
2 2
1 d v
v
R d
χ
θ
 
= − + 
 
  (A.4) 
This formula for the moment coincides with the finding made by Timoshenko and Gere 
[30] and Rao [38]. From Eq. (A.2) and Eq. (A.4), the internal rotational spring stiffness C can 
be obtained by 
   
~
d EI EI EIC M EI C
Rd R R a
ψ ψψ
θ θ θ
∆∆ = = ⋅ ⇒ = =
∆ ∆
  (A.5) 
Next, we consider the equilibrium conditions for the two segments linked by the joints 
j−1, j and j+1 of HBM (see the diagram in Figure A.1). The bending moment for joint j can 
be divided into two parts, which are due to the radial displacements and tangential 
displacements. First consider the moment resulting from the radial displacements. The 
bending moment is given by 
   ( ) 1 11 2j j jIj j j v v vM C C
a
ψ ψ + −+
− +
= − − = −   (A.6) 
Next, consider the bending moment resulting from the tangential displacements. The 
moment is given by 
   
1j jII
j
u u
M C
R
−
−
= −
  (A.7) 
Owing to the geometrical similarity, which requires 
   
1j j jv u u
R a
−
−
=
  (A.8) 
The moment for joint j can be expressed as 
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1 1
2
2j j j jI II
j j j
v v v v
M M M C a
a R
+ −− + 
= + = − + 
 
  (A.9) 
Since the moment for joint j is also related to the axial force as 
    j jM qRv=   (A.10) 
Therefore, the governing equation for HBM with pinned ends can also be obtained from the 
combination of Eq. (A.10) and Eq. (A.9) as 
   
1 1
2 2
2
0j j j j j
v v vEI
v qRv
R ϕ
+ −− + + + = 
 
  (A.11) 
which may be simplified to the following form: 
   ( ) 21 11 2 0j j jv v vβ ϕ+ − + + − + =    (A.12) 
Therefore, Eq. (3) is also valid for HBM. 
Appendix B. Derivation of governing equation for free vibration of HBM 
Consider the motion equations for the segment linked by joints j and j+1 of HBM (see the 
free body diagram in Figure B.1). The moment, axial force and shear force balance require 
that 
   1
1 0
2j j j j
M M Q mav a+  − − + = 
 

  (B.1a) 
   ( )1 11 1 02 2j j j j j jN N Q mav ma u uϕ+ +
 
− − + − + = 
 
  
  (B.1b) 
   ( )1 1 1 11 1 02 2j j j j j jQ Q N mau ma v vϕ+ + + +
 
− + − − + = 
 
  
  (B.1c) 
From Eqs. (B.1a) and (B.1c), we have the shear force and axial force expressed as 
   
1 1
2
j j
j j
M MQ mav
a
+ −
= − 
  (B.2a) 
   
( ) ( )1 1
1 1
1
12
2
j j j j
j j
ma v v Q Q
N mau
ϕ
+ +
+ +
+ − −
= +
 

  (B.2b) 
Therefore, Nj may be expressed as 
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( ) ( )1 11 12
2
j j j j
j j
ma v v Q Q
N mau
ϕ
− −
+ − −
= +
 

  (B.3) 
By substituting Eqs. (B.2a), (B.2b) and (B.3) into Eq. (B.1b), we have the following 
linear difference equation: 
   
2 1 1 12
3
3 3j j j j j j j j
j
M M M M M M v v
mR u
ϕ ϕ ϕ
+ + + +− + − − − + = − 
 
 

  (B.4) 
By considering Eqs. (A.8) and (A.9) and assuming a harmonic motion where 
2 i t
j ju u e
ωω −= − , we obtain the governing equation for HBM to be exactly the same as that for 
FDM given by Eq. (45).  
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Figure 1. Nonlocal circular arch under uniform pressure q. 
 
 
Figure 2. HBM for circular arches. 
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(c) 
Figure 3. Buckling pressures of pinned ended HBMs and nonlocal circular arches with 
respect to characteristic length indicated by n for different central angles 2α. 
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(c) 
Figure 4. Buckling pressures of clamped ended HBMs and nonlocal circular arches with 
respect to characteristic length indicated by n for different central angles 2α. 
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Figure 5. Small length scale coefficient e0 with respect to arch angle ratio α/pi for buckling 
ENCAs and CNCAs with pinned ends. 
 
 
Figure 6. Small length scale coefficient e0 with respect to arch angle ratio α/pi for buckling 
ENCAs and CNCAs with clamped ends. 
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(c) 
Figure 7. Fundamental frequencies of pinned HBMs and nonlocal circular arches with respect 
to characteristic length indicated by n for different central angles 2α. 
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(c) 
Figure 8. Fundamental frequencies of clamped HBMs and nonlocal circular arches with 
respect to characteristic length indicated by n for different central angles 2α. 
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Figure 9. Small length scale coefficient e0 with respect to arch angle ratio α/pi for free 
vibrating ENCAs and CNCAs with pinned ends. 
 
 
Figure 10. Small length scale coefficient e0 with respect to arch angle ratio α/pi for free 
vibrating ENCAs and CNCAs with clamped ends. 
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Figure A.1. Selected segments of HBM. 
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Figure B.1. Free body diagram of a segment of HBM. 
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Table 1. e0 for different α and n for buckling of ENCAs with pinned ends. 
2α 
For n = L/a   
10 20 40 60 70 80 90 100 
5pi/3 0.529 0.524 0.523 0.522 0.522 0.522 0.522 0.522 
pi 0.335 0.334 0.333 0. 333 0. 333 0. 333 0. 333 0. 333 
2pi/3 0.307 0.306 0. 306 0. 306 0. 306 0. 306 0. 306 0. 306 
pi/3 0.294 0.293 0. 293 0. 293 0. 293 0. 293 0. 293 0. 293 
pi/12 0.290 0.289 0.289 0.289 0.289 0.289 0.289 0.289 
 
 
Table 2. e0 for different α and n for buckling of ENCAs with clamped ends. 
2α 
For n = L/a   
10 20 40 60 70 80 90 100 
5pi/3 0.287 0.285 0. 285 0. 285 0. 285 0. 285 0. 285 0. 285 
pi 0.308 0.307 0.306 0. 306 0. 306 0. 306 0. 306 0. 306 
2pi/3 0.315 0.313 0. 313 0. 313 0. 313 0. 313 0. 313 0. 312 
pi/3 0.317 0.316 0. 315 0. 315 0. 315 0. 315 0. 315 0. 315 
pi/12 0.318 0.316 0.316 0.316 0.316 0.316 0.316 0.316 
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Table 3. e0 for different α and n for free vibrating ENCAs with pinned ends.  
2α 
n = L/a   
10 20 40 60 70 80 90 100 
5pi/3 0.791 0.779 0.776 0. 776 0. 776 0. 776 0. 775 0. 775 
pi 0.512 0.509 0.508 0. 508 0. 508 0. 508 0. 508 0. 508 
2pi/3 0.459 0.457 0.457 0.457 0. 457 0. 457 0. 457 0. 457 
pi/3 0.424 0.422 0.422 0. 422 0. 422 0. 422 0. 422 0. 422 
pi/24 0.410 0.409 0.409 0.409 0.409 0.408 0.408 0.408 
 
 
Table 4. e0 for different α and n for free vibrating ENCAs with clamped ends.  
2α 
n = L/a   
10 20 40 60 70 80 90 100 
5pi/3 0.434 0.428 0.427 0.426 0.426 0.426 0.426 0.426 
pi 0.205 0.198 0.196 0. 196 0. 195 0. 195 0. 195 0. 195 
2pi/3 0.201 0.193 0.191 0. 191 0. 191 0. 191 0. 191 0. 191 
pi/3 0.226 0.219 0.218 0.218 0.217 0. 217 0. 217 0. 217 
pi/24 0.237 0.232 0.230 0.230 0.230 0.230 0.230 0.230 
 
 
